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Abstract— An (n, k) maximum distance separable (MDS) code
encodes ko data symbols into na symbols that are stored in
n nodes with a symbols each, such that the ko data symbols
can be reconstructed from any & out of n nodes. MDS codes
achieve optimal repair access if we can repair the lost symbols
of any single node by accessing ;—7-= symbols from each of
d other surviving nodes, where £ + 1 < d < n — 1. In this
paper, we propose a generic transformation for any MDS code
to achieve optimal repair access for a single-node repair among
d — k + 1 nodes, while the transformed MDS codes maintain
the same update bandwidth (i.e., the total amount of symbols
transferred for updating the symbols of affected nodes when
some data symbols are updated) as that of the underlying MDS
codes. By recursively applying our transformation for existing
MDS codes with the minimum update bandwidth, we can obtain
multi-layer transformed MDS codes that achieve both optimal
repair access for any single-node repair among all » nodes and
minimum update bandwidth.

Index Terms—MDS codes, minimum update bandwidth, opti-
mal repair access.

I. INTRODUCTION

Maximum distance separable (MDS) codes are a class of
erasure codes that are widely employed in distributed storage
systems to provide data reliability. Reed-Solomon (RS) codes
[1] are one well-known example of MDS codes. An (n, k)
MDS code (where k < n) encodes a data file of k« data
symbols (where o > 1) over the finite field F, into na coded
symbols that are distributed across n storage nodes with «
symbols each, such that the original k« data symbols can be
reconstructed from any k out of n nodes (called the MDS
property). The number of symbols stored in each node, «,
is called the sub-packetization level. Dimakis et al. [2] show
that we can repair the « lost symbols of any failed node by
downloading at least

o
B_d7k+1
symbols from each of d helper nodes (where £k + 1 < d <
n — 1). Also, the repair bandwidth (i.e., the total amount of
symbols downloaded for repairing a single failed node of any
(n, k) MDS code) is at least

do
y=4dp

= —. 1

d—Fk+1 M
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We focus on a class of MDS codes called the MDS array
codes, in which the code structure is arranged as an o X n
array. We define repair access as the total number of symbols
accessed from d helper nodes when repairing a single failed
node. An MDS array code achieves optimal repair access if the
repair access equals the minimum repair bandwidth in Eq. (1).
Some constructions of MDS array codes with the minimum
repair bandwidth are given in [3]-[12].

In addition to the repair problem, another important issue in
distributed storage systems is the update problem. Specifically,
if some data symbols need to be updated to the new version,
we need to send symbols to the nodes whose symbols need to
be updated. When we update some data symbols, we need
to send symbols to the corresponding nodes to update the
symbols there. Here, we consider vertical MDS array codes,
in which coded symbols are arranged in the rows of the array
(i.e., the coded symbols span across all nodes), mainly because
they achieve optimal update [13]. Table I shows a vertical
MDS array code of k = 2, n =4, and o = 4 [13]. The eight
data symbols are s; ; € Fy, where ¢ = 1,2 and j = 1,2,3,4.
First, we can decode the eight data symbols from any two
nodes if ¢ > 2. For example, consider nodes 1 and 3. We can
subtract 81,3 each from S1,2+51,3+51,4 and 81,2 +28173 —|—381)4
in node 1 to obtain sq 2+51 4 and sq 2+351 4, respectively, and
further solve for s1 > and s; 4. The decoding of data symbols
from any other two nodes is similar.

If we update the two data symbols of a node, we only
need to send two updated data symbols to the node plus
one coded symbol to each of the other three nodes to up-
date the corresponding symbols. For example, if the two
data symbols s;; and sp; are updated into 5y ; and 531,
respectively, then we only need to send two symbols 57 1,521
to node 1, and three coded symbols 51 1 — 51,1, 52,1 — 52,1 and
(51,1—51,1)+(52,1—8s2,1) to nodes 2, 3 and 4, respectively. The
total amount of symbols transferred for the update is called
the update bandwidth [13]. In the (n, k) vertical MDS array
codes of size m x n, each node stores & data symbols and
n—k coded symbols. If the k£ data symbols stored in one node
should be updated, it is shown in [13] that the minimum update
bandwidth of the (n, k) vertical MDS array codes is n+k —1.
The update bandwidth of updating two data symbols s; ; and
sg.; of the code in Table I is five, which is optimal. However,
the repair access of the code in Table I is sub-optimal.

We show via an example how our MDS code transfor-
mation (detailed in Section II) makes optimal repair access
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TABLE I: Example of the code in [13] with k = 2 and n = 4.

Node 1 Node 2 Node 3 Node 4
S1,1 51,2 51,3 51,4
52,1 52,2 52,3 52,4

S1,2+ 81,3+ 81,4 S1,1 + 82,3 + S2.4

s2,1+ 82,2+ (s1,4+s2,4)

(s1,1 +52,1) + (s1,2 +s2,2) + (s1,3 + 52,3)

s12+2s13+3s14 | s1,1 +2s23+ 3524

s2,1 + 2822 + 3(s1,4 + 52,4)

(s1,1 +s2,1) +2(s1,2 + s2,2) + 3(s1,3 + s2,3)

TABLE II: The transformed code by applying the transformation with e = —1 for the first two nodes of the code in Table I.
Note that the symbols in rows 5-8 (the symbols labeled with ) in nodes 2-4 can repair node 1.

Row Node 1 Node 2 Node 3 Node 4
1 5%,1"‘5% 1 510 5%,3 514
2 531534 530 533 53.4
3 (s12+si3+si )+ 514 "'15%,3 s31 T 5%,12‘*‘ (511 + 5%,11) + (5?2 +53.9)
(510 + 573+ 57 4) 1834 (514 +534) +(s1,3 +53.3)
4 (8152+281§3+381 Dt Si,l +25§,3 Sé,l +25§12+ (Si,l +3%,1)+2(5i,2+5§,2)
(570 + 251 3t 351 4) +33%,4 3(3%,4 +83.4) ""3(5%,3 + 55,3)

5 31,2 *Sf,1 _Sf,l *sf,s *sf,4

6 550 *$51 — 551 *S3 3 *S3 4

7 311+523 *(3%2+513+314) *521+522Jr *(511+521)+(312+322)
+535.4 (5%2+513+314) (314+524) +(513+323)

8 511+2523 *(5%,2+251 3+351 4)— *521+252 ot | *x(sT, + 53 1)+2(512+52 2)
+3s3 4 (572257 5 +3s7 ) 3(s3.4+554) +3‘(51 3+ 3 3)

viable. Table Il shows the case when we apply our code
transformation to the first two nodes of the code in Table I. In
Table II, the 16 data symbols are 5 jwith6=1,2,1=1,2
and 7 = 1,2,3,4. We first claim that the repair access of
each of the first two nodes is optimal. For example, we can
repair node 1 by accessing the symbols in rows 5-8 (i.e., the
symbols labeled with % in Table II) from each of the other three
nodes. Using the downloaded eight symbols from node 3 and
node 4, we can obtain two data symbols s%yl and 3372 by first
subtracting s7 , and s3 , each from s3 | 453 y+(s7 4;+s3 ;) and
531+ 2535 +3(s7 4+ 3 4), followed by solving for s3 ; and
55 5 from s% 1 +535 and 53 ; +253 ,. Similarly, we can obtain
sf N and 515 by subtracting the data symbols 551, 5.9, 513
and s3 3 from two coded symbols downloaded from node 4
and solvmg a 2 x 2 linear system. Then, we can compute the
following four symbols

2 2 2 2 2 2
811 T 833+ 824,811 12855 +3854,

2 2 2 2 2 2
$10+ ST3+ 814,872 + 2873+ 357 4.

Together with the downloaded four symbols from node 2, we
can recover the first four symbols in node 1. We can repair
node 2 by accessing the symbols in rows 1-4 from each of
nodes 1, 3 and 4.

We next claim that we only need to send 10 symbols
(the minimum update bandwidth) to the nodes to update the

corresponding symbols if four data symbols 5%, > s% > s% o s% j
are updated, where j = 1,2,3,4. For example, suppose

that the data symbols sj,,s3,,s7,s5, are updated into
511,531,511,551. We only need to send three symbols
511 — 811,511 — 811,51 + 55, to node 1, three coded
symbols 51 | — s},,57, — s?,55, — 53, to node 2, two
coded symbols 53 ; —s |, 5% | —s3 | to node 3, and two coded
symbols 51, + 3531 — (s1,1 +831),571 +3551 — (511 +31)
to node 4.

Note that the code in Table II is MDS, i.e., we can retrieve
all 16 data symbols from any two nodes. For example, from
nodes 3 and 4, we can subtract s} ,,s5, each from s}, +
522+514+324 and 521—1—2522—1—3(3}4—4—524) in node 3
to obtain s3 ; + s3 2 and 32 1 +2sd 25 respectlvely, and further
solve for s3 and 32,2 By subtracting 5173,5273 each from
(s1, 1‘*‘3%1)4'(3%2‘*‘3%2)4‘(3}3"’5%3) and (s +s3,)+
2(51 o+ Sho) + 3(51 3+ s53) in node 4, we 0bta1n (s11+
53, 1)+ (st 2+ 532) and (51 1+ 53.1) +2(s1p + 83, 2) Then,
we can solve st + sy, and s} P + sl 2 Recall that 53, and
s3 5 are known, we can further obtain 51, and s} 5. S1m11ar]y,
we can compute s7 , 57 5, 53 1, 53 5 from the eight symbols in
rows 5-8 in nodes 3 and 4.

In this paper, we design a new generic transformation for
any m X n MDS array code to obtain a transformed MDS
array code of size m(d — k + 1) x n with three properties:
(1) it achieves optimal repair access for a single-node repair
among d — k + 1 nodes; (ii) it maintains the same update
bandwidth as the underlying m x n MDS array code; and
(iii) it is an MDS code. By recursively applying the generic
transformation for the n x n vertical MDS array code in [13]
[ 4—%s7 ] times, we can obtain an n - (d — k + el xn
multi-layer transformed vertical MDS array code, in which
each node contains k- (d — k + 1)”+le data symbols and
(n— k) - (d—k+ 1)@= coded symbols, such that the
transformed code achieves not only optimal repair access for
any single-node repair, but also minimum update bandwidth
when k - (d — k + 1)[7%771 data symbols are updated.

There exist some similar transformations [9], [11], [14] for
MDS codes to achieve optimal repair access for a subset
of n nodes. However, the update bandwidth increases in the
existing transformed codes in [9], [11], [14], while the update
bandwidth of our transformed codes is kept the same as that
of the underlying MDS codes.
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II. GENERIC TRANSFORMATION FOR MDS ARRAY CODES
A. Transformation Design

For j =1,2,...,n, let the m symbols stored in node j be
T
Vi = [1}17]- V2,5 ]

'Um,j )

such that we can reconstruct all km data symbols from any k
out of n vectors vi,va,---,Vv,. In the following, we present
the generic transformation for MDS array codes to enable
optimal repair access for a single-node repair among d —k+ 1
nodes, where k + 1 < d < n — 1. Without loss of generality,
we assume that the first d — k£ + 1 nodes of the transformed
codes are the selected nodes, for which we enable optimal
repair access.

First, we define the multiplication of a scalar e and a vector

vV = [’Ul (% Um]
by
ev = [em evs evm}
and the addition of two vectors
1_ [, 1 1
v = [vl Uy vm]
and
2_ 2 2 2
ve = [vl v5 vm}
by
v1—|—v2:[v%—|—v% v%—i—v% v,ln—i—v?n].

Let t =d — k + 1. We create t instances

V}7V%7... ’V}”

V%,Vg,“‘ ’ng
]

V’i’vé7... ,V;,

of the MDS array codes, such that any k out of n vectors
vi,v5 .-+ vl can reconstruct km data symbols for ¢ =
1,2,...,t. For j = 1,2,...,t, the ¢t vectors (tm symbols)

stored in node j are obtained by the following three steps.

1) We perform the cyclic-right-shift of ¢ — 1 positions of
the i-row (1 = 1,2,...,t) of the following ¢ x ¢ matrix

Vil: V% e Vg‘
R S IR
Vit = :

¢ ¢ t

Vi V3 Vi

to obtain the matrix

1 1 1

ViV o T
9 t Vi o Vi

Vi = .

t t t

Va V3 Vi

2) Fori,j € {1,2,...,t}, the entry in row ¢ and column
j of the matrix V7., i V{(; ;) moa 1y41- When i+ <
t + 1, we replace the entry in row ¢ and column j of

. 1—
the matrix V2, by v((J i) mod t)+1 T sz; #) mod )+1°

When i +j > ¢+ 1, we replace the entry in row ¢ and
column j of the matrix V7, by €V{(j—i) mod )41 T
t+1—

V- Z) mod t)+ . The resulting matrix V3, , is
1 t—1 1
v1+V1 V2+V2 Vi
2 t t—1 1 2
vi + vy vi+v] Vi1 tevi
: : 2
t—1 t t—1 t—1
vy T+ V3 . \;4 va —|— ev2
Vé vy + ev}i, vl + evl

3) The t vectors stored in node j are the ¢ entries in column
j of the matrix V3, for j =1,2,... ¢

For j = t+4+ 1,t + 2,...,n, node j stores t vectors
vjl»7 vj2, V The obtalned codes are our transformed codes.

Table II shows the transformed code by directly applying
the transformation with e = —1 for the example in Table I.
B. Properties

We first present the following lemma before showing the
properties of the transformed codes.

Lemma 1. [f e # 0 and e # 1, then we can obtain

1) vy and vy from vj + vy and vj + evy;

2) vé + v% from vz 'and Vé + evz;

3) vz +evy from vy and vi+ \oh

4) vy from evy.

Proof. Consider the first statement. From v/ +vJ and vi+ev?,
we can obtain

v}'L_[Jrvig for 1 <h <m,

v}ﬂ +evi,e for1 < h<m.

i J
We can compute v}, , and vy, , by

e(v}, ¢+ Ufl,e) — (v} + e”ib,e)

Upe =

e—1 ’
i J i J
i (Vho + Uh,e) = (Ve + e”h,e)
Vo= - )
The last three statements can be proven similarly. O

The next two theorems show that the transformed codes are
MDS codes and have optimal repair access for a single-node
repair of the first ¢ nodes.

Theorem 2. If e # 0 and e # 1, then the transformed codes
satisfy the MDS property.

Proof. The transformed codes satisfy the MDS property if any
k out of n nodes can reconstruct all the data symbols.
Suppose that the indices of the chosen k nodes are
J15025 3 Jko Wher61§j1 < < Jg < n. If]l >
t + 1, then the kt vectors stored in the chosen k nodes are
vfl,vfz, ‘e ,vfk with ¢ = 1,2,...,t. We can thus compute
all the data symbols since the underlying codes are MDS

codes.
In the following, we consider the case that 1 < j; <
j2<"'<jh<tandjh+1Zt—FlWithlShS
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t. The entry in row t + 1 — j; and column j, of the

t+1—j2 t+1—j1
matrix V7, is V((ja+jr1—1) mod t)+1 T €V((jy471-1) mod H+1°

while the entry in row ¢ + 1 — j> and column j; is

t+1—7j2 t+1 J1
V((r+ia=1) mod )41+ V((Gi+ia—1) mod o1 BY Lemma .
we can obtain v 1772 , and v 1=

((41+72—1) mod 1)+

from the above two entries. Similarly, we can obtain
yiti—ie and viTiTa

V((j1+7e—1) mod £)+1 ((r+7je—1) mod t)+1 from the entries
in row t+1—7; and column j,, and row ¢+ 1 — j, and column
j1, for £ =23 , h. Recall that the entry in row ¢t +1 — j;

: S
and column 31 is V((2]1—1) mod £)41° We obtain

((41+72—1) mod t)+1

1—
{vt+l J1 t+1—j1

t 1—j1
((2j1=1) mod £)+1° V((j1+j2—1) mod £)+17 " b

V(G1+in—1) mod t)+1

together with the entries in row ¢ + 1 — j; and columns
Jh+1,Jh+2, - - -, Jk, We can compute all the data symbols in
row t+1—j; according to the MDS property of the underlying
codes.

By the same argument, we can reconstruct all the data
symbols in rows t+1— 73, ...,t+1— 75. Once the vectors in
rows t+ 1 —js,...,t+ 1 — j, are known, we can reconstruct
all the other data symbols similarly. O

Theorem 3. The transformed codes have the optimal repair

access for a single-node repair of the first t nodes.

Proof. Forj =1,2,...,t, we show that we can recover node j
. t+1—j _t+1—j tH1—j .

by accessing k vectors v, 7 v, J., Vi 7 with t+

1<hy<---<hy<nandt—1entries inrow t + 1 — j of

the matrix V3, except the failed node j.

t+1—j _t+1—j t£1—j
By accessing v’ I T VI we can compute
t+l—j _t+1— vt Wty o

Vit yli=d +177 as the underlying codes are MDS

codes. Wlth the obtalned VE@E Jl) mod £)41

t — 1 entries in row t + 1 — j of the matrix V3, , except
the failed node j, we can compute all ¢ vectors in node j by
Lemma 1. Thus, we can repair ¢ vectors in node j by accessing
k+t—1 = d vectors and the repair access is optimal by
Eq. (1).

The repair method of node 1 of the transformed code in
Table II (see Section I) is due to the proof of Theorem 3
and the repair access is optimal due to Theorem 3. The next
theorem shows that the transformed codes maintain the same
update bandwidth as that of the underlying MDS codes.

and the accessed

Theorem 4. In the (n,k) underlying MDS codes, suppose
that we want to update the data symbol s; ; with 1 < j <n
and 1 < i < k, and we need to send the coded symbol
cn to node up, to update some symbols in vector vy, for
h=12....nwithl <np<nandl < uy < -+ <

n <. In the transformed codes, if we want to update t data
symbols s, 82 st ., we need to send t coded symbols

632 71,507 70
ch ek, ... ch to node uyp, to update some symbols in vectors
V), Vi, ..., v} when uy > t, and one coded symbol to each

of the first t nodes when uy, < t.

Proof. By assumption, the coded symbol C% is needed to
update some symbols in vﬁh, where ¢/ = 1,2,...,t and
h =1,2,...,n If up, > t, we can update the symbols in
¢

0 : : 1 .2 ¢
vy, stored in node uy with the coded symbols ¢z, ;. . . ., ¢},

Consider the case of up < t. For j < ¢, the t vectors stored

in node j are

V{G-1) mod 41 T V(Go1)
V{G-2) moa 41 T V((-3)
Vf(_2]) mod )41 T VEE) L od H+1

t+1—j

((27—1) mod t)+1

Vf;rzi:é) mod )41 T evf(g:é) mod t)+1
Vf;rzi‘ﬂs) mod t)+1 T evfgj’:é) mod £)417° ">
V(G mod 141 F V() mod t)+1-

Foril#i2€{1,2,...,
{((j —i1) mod t) + 1 # ((j — i) mod t) + 1}

mod t)+1’

\/Q \/Q

mod t)+17 """

A%

t}, we have

and
{(=1)modt)+1,((j —2) mod t) +1,...,((j —t) mod t) + 1}
={1,2,...,t}.

Thus, we only need to send one coded symbol to each of the
first ¢ nodes to update some symbols. Specifically, we need to
send one of the following symbols

j+t+1—up t+1 7
CZML +C )

1-un +Ct+1 g

Up,
j+1—up

C’L]Lh )

Ct+1—J +€Ct+1+1—uh

t+1 j+€c]+1 uh

u}

to node j to update some symbols in the vector with subscript
being uy,. O

By Theorem 4, if the update bandwidth of updating one data
symbol of the underlying MDS codes is 7, then the update
bandwidth of updating ¢ data symbols of the transformed
codes is tn. Thus, the normalized update bandwidth (i.e.,
the ratio of update bandwidth to the number of updated data
symbols) of the transformed codes is the same as that of the
underlying codes. If the underlying codes have optimal update
bandwidth, then the transformed codes also have optimal
update bandwidth.

Recall that the update bandwidth of the code in Table I is
five. The update bandwidth of the transformed code in Table II
is 10 when the four data symbols s} ;,s5 ;, 57 ;, 55 ; need to
be updated by Theorem 4, where j = 1,2, 3, 4. For example,
when j = 1, ie., the data symbols 311,351,s§1,551 are
updated into sl 1 s% 1 sf 1 52 1- We can send three symbols
51 1 +81 1,3%1 + 53, 1,511 s%l to node 1 to update 81 1+
sT1,82,1 + 831,811 + 833+ 834,871 + 253 3+ 353 4, three
symbols 5] ; —s1 1,51 ; — 571,53, — 55, to node 2 to update
S11+ 823+ 834,511 T 2833 + 3834, 511

2 (1 2

—51,1,521 — 52,1>

two symbols 55 ; —
:

s 1,551 — 53, to node 3 to update
1 1 1 1 1 1 1 1
S50+ 820+ (5144 524), 851 + 2530 +3(51,4 + 53.4),
2 2 2 2 2 2 2 2
531+ 850+ (574 +524),851 + 2550 +3(574 +53.4),
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TABLE III: Example of the transformed codes with k£ = 3,
n =06 and t = 3.

Node 1 Node 2 Node 3 Node 4 | Node 5 | Node 6

v% + v? v% + v% v% V411 v% vé

vg +3v§ , vf 5 v% + evg vg vg v§
V5 v3 +evy vy +evy Vi vy Vg

and two symbols 51} —s1 1 +53 1 — 531,511 — 571 +551—55,
to node 4 to update

(5%,1 + 3%1) + (5},2 + 5%2) + (Si,:s + 3%,3)»

(5%,1 + 5%1) + 2(5%,2 + 5%,2) + 3(5%,3 + 5%,3%

(st + 3%1) + (5%,2 + 532) + (Siz’, + 53,3)7

(s1

11+ 5%1) + 2(5%,2 + 5%2) + 3(5%73 + 5%3)

)

S

)

Table III shows an example with £k = 3, n = 6 and ¢t = 3.
Suppose that we want to update one symbol c; in vector v; in
the underlying code. For the transformed code, we only need
to send one symbol c} + ¢} to node 1 to update the symbol in
vector vi +v3, one symbol ¢3 to node 2 to update the symbol
in vector v and one symbol c} + ec} to node 3 to update the
symbol in vector vi + ev3.

The code in Table III have optimal repair access for single-
node repair among the first three nodes. For example, we can
repair node 1 by accessing five vectors

2 3 1 3 3 3 3

V3 +evy, V] +evy, vy, vy, Vg

from the other five nodes and the repair access is optimal.
Specifically, we can first compute v3, v3 and vi from the
downloaded three vectors vi,v3,vi. Then, we can recover
two vectors v% + Vzl)’ and v% + Vg by

vi+vi =(1—e)vi+ (vi +evy),
V3 +v3 =(1—e)vi + (V3 +ev3).
The repair method of node 2 and node 3 is similar.

III. MDS ARRAY CODES WITH OPTIMAL REPAIR ACCESS
AND OPTIMAL UPDATE BANDWIDTH

In this section, we propose the construction of MDS array
codes that have optimal repair access for any single-node
repair and optimal update bandwidth by applying the transfor-
mation in Section II multiple times for the MDS array codes
in [13].

We first provide a brief overview of the MDS codes in
[13]. The MDS code given in [13] is an (n,k) vertical
MDS array code of size m x m, where node j stores k
data symbols sy ;,525,...,5k; and n — k coded symbols
Cl,j,C2,j,+-+rCn—k,y With 7 = 1,2,... n. If the k data
symbols stored in any one node should be updated, it is shown
in [13] that we need to send at least n + &k — 1 symbols to
update all the related symbols (including the updated & data
symbols and some related coded symbols). Table I shows an
example of n =4 and k = 2.

Recall that there are n nodes in MDS array codes in [13].
We divide n nodes into [ —7—5 partitions, each of which
contains d — k+ 1 nodes. For i = 1,2,..., [d_LkH], partition

i contains d—k+1 nodes that are from node (i—1)(d—k+1)+1
to node i(d — k + 1) mod n.

By applying the transformation in Section II for the first
partition (nodes 1 to d — k + 1) of the codes in [13], we
can obtain the transformed codes of size n(d — k + 1) x n,
denoted by C; (n, k, d), that satisfy MDS property according to
Theorem 2, have optimal repair access for a single-node repair
among the first d — k 4 1 nodes according to Theorem 3 and
have optimal update bandwidth according to Theorem 4 when
the k(d — k + 1) data symbols are updated. Specifically, the
update bandwidth of C; (n, k, d) is (d—k+1)(n+k—1) if k(d—
k+ 1) data symbols sfj, sg’j, ce si’j with ¢ =1,2,...,d—
k + 1 are updated, where j = 1,2,...,n. By applying the
transformation for the second partition (nodes between d—k-+2
and 2(d—k+1)) of the codes C;(n, k, d), we obtain the codes
Ca(n, k,d) with each node storing n - (d — k + 1)? symbols.
The codes C2(n, k, d) are MDS codes according to Theorem 2,
have optimal repair access for a single-node repair among the
first 2(d— k+1) nodes according to Theorem 3. As the update
bandwidth of the underlying codes Cy(n, k, d) is (d—k+1)(n+
k—1) when k(d—k+1) data symbols are updated, the update
bandwidth of Ca(n, k,d) is (n+k —1)(d — k +1)? when the
k(d—Fk+1)? data symbols are updated according to Theorem 4
and the update bandwidth of C(n, k, d) is optimal.

Similarly, by recursively applying the transformation for
partition i + 1 of C;(n, k,d) for i = 2,3,...,[;=151 — L,
we obtain the codes Cr__»__1(n, k, d) with each node storing
n-(d—k+1)7=511 symbols. The codes Crz_1(n, k,d) are
MDS codes according to Theorem 2, have optimal repair ac-
cess for any single-node repair according to Theorem 3. As the
update bandwidth of the underlying codes Cr__»_ 11 (n, k,d)
is (d — k + )l7==1" 0 + k — 1) when k(d — k +
1) 7771~ data symbols are updated, the update bandwidth
of CM_LJ(n’ k,d)is (n+k—1)(d — k + 1) 711 when
the k(d — k + 1)/ 7#+7 | data symbols are updated according
to Theorem 4 and the update bandwidth of Cfd,hﬂ (n,k,d)
is optimal.

IV. CONCLUSION AND FUTURE WORK

In this paper, we propose a new transformation for any
MDS array code to obtain the transformed MDS array code
that has optimal repair access for a single-node repair of the
d — k 4+ 1 chosen nodes and the same update bandwidth as
the underling MDS array code. By recursively applying the
proposed transformation for the MDS array codes in [13]
many times, we can obtain the multi-layer transformed MDS
array codes that have optimal repair access for any single-node
repair and optimal update bandwidth. One of our future work
is how to combine our transformation and the existing efficient
decoding methods [15], [16] and repair methods [17]-[19] of
binary MDS array codes, so as to obtain MDS array codes with
lower sub-packetization level, efficient repair access for any
single node, efficient update bandwidth, and efficient decoding
method.
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